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ABSTRACT. Let K be a finite dimensional purely inseparable modular extension of F,

and let L be an intermediate field. This paper is concerned with an intermediate theory for

the Galois theory of purely inseparable extensions using higher derivations [4]. If L is a

Galois intermediate field and M is the field of constants of all higher derivations on L over

F, we prove that every higher derivation on L over F extends to AT if and only if

K a» Z. ®M 7 for some field J. Similar to classical Galois theory the distinguished

intermediate fields are those which are left invariant under a standard generating set for

the group of all rank / higher derivations on K over F. We prove: L is distinguished if and

only if L is M-homogeneous (4.9).

I. Introduction. This paper is concerned with an intermediate theory for the

Galois theory of purely inseparable extensions using higher derivations [4]. In

classical Galois theory, if G is a full group of automorphisms on a field C with

field of constants E, then an intermediate field D is distinguished if and only if it

is invariant under G. Moreover, all automorphisms on D over E can be extended

to C. Let K be a finite dimensional purely inseparable modular extension of F,

and let L be an intermediate field. We prove: (1) the only intermediate fields

invariant under all higher derivations on K over F are of the form F(K^) for

some n; (2) if L is a Galois intermediate field (i.e., the field of constants of a

group of higher derivations on K over F) and M is the field of constants of all

higher derivations on L over F, then every higher derivation on L over F extends

to K if and only xi K = L®MJ for some field /. Combining (1) and (2) shows

that the only intermediate fields with properties completely analogous to the

classical case are K and F. Considering the Dedekind independence theorem for

automorphisms and [7, Theorem 19, p. 186] a natural alternative is to define the

distinguished intermediate fields to be those which are left invariant under a

standard generating set for the group of all higher derivations on K over 7-". If L

is a distinguished intermediate field, then K is modular over L and L is modular

over F. We provide an example which shows the converse does not hold. Two

conditions equivalent to being distinguished are established: (1) There exists a

subbase {x,,..., x„} for K over F such that {xf¡,..., xf¡"} is a subbase for L over
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F for some ex, ..., e„; (2) There exists T = Tx U • • • U Tn a subbase for K over

F, the elements of T¡ being of exponent / over F, such that L = L n F(TX) ® • • •

8Lfl F(Tn) and F(T;) is modular over L n F(77) for all /.

II. Definitions and preliminary results. Throughout this paper, K will be a field

of characteristic p =£ 0,2. A rank t higher derivation on K is a sequence ¿/

= (d¡il 0 < if < r + 1} of additive maps of K into K such that </r(a¿0

= 2 W-(aM(¿) I ' +y = r) an(i <4 is the identity map. The set H'(K) of all rank
/ higher derivations on K is a group with respect to the composition d ° e = f

where f} = 2 {<í»««j I « + n =f} [1, Theorem 1, p. 33]. The field of constants of

a subset G £ H'(K) is {a G K \ d¡(d) = 0,/ > 0,(¿f) e G}. ///(AT) will denote

the group of all rank t higher derivations on K whose field of constants contains

the subfield F.

(2.1) [2, Theorem 1]. Let B be a p-basis for K and let /: Z X B -* K be an

arbitrary function. There is a unique (d¡) G HX(K) such that for each b G B

and i G Z,d¡(b) = f(i,b).
A higher derivation d in HX(K) is called iterative of index q, or simply

iterative, if ('j)dqi = dqidq{i_^ for all f and / < i, whereas dm = 0 if q \ m. If

d G HX(K) is iterative of index q, and a is in K, then ad = e where e?i = â*«^,

and e¡ = Oil q\j. It is clear that ad is a higher derivation. A finite rank higher

derivation (r < oo) is iterative if it is the first r + 1 maps of an infinite iterative

higher derivation. Given d G H'F(K) of index q, V(d) = e G Hp(K) where

e&+0, = dqi for (q A- \)i < t and e, = 0 if (q + 1) \ /, / < t.

Throughout the remainder of this paper, K will be a finite dimensional purely

inseparable modular extension of F of exponent n, andp"-1 < r < oo. Since K

is modular over F, K = F(x,) ® • • • ® F(xn). Any such elements x,, ..., xn is

called a subbase for K over F.

(2.2) [3, p. 436]. Let (d¡) G H'(K) and a G K. Then d„{a') = id¡ia))p and if

p and j are relatively prime, then dj(ap) = 0.

(2.3) [4, Lemma 3.7]. Let K be a purely inseparable modular extension of F,

and let zV be a subbase for /T over F. Then there exists a subset S oi F such that

zV U 5 is a p-basis for Ä".

(2.4) Definition. Let (x,,,..., xXJl,... x„,,..., xnJJ be a subbase for K over F

where x(> is of exponent / over F Let A = {d'* \ 1 < i < n,l < e < j¡) be the

set of rank t higher derivations on K over F defined by

d['lp']+\(Xr,s) = %»,(r,i)).

where [t/p'] is the greatest integer less than or equal to t/p1.

dk'(xr,,) = 0,       1 <i,r<n, 1 < e < j„    1 < s < jr,a * [t/p'] + 1.

Then A is a standard set of generators for Hf(K) and {x,;,, | 1 < / < n, 1 < e

< /,} is called a dual base for A.

For later use, we now list some properties of A which follow from [4, §VI]. Let
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the first nonzero map (of subscript > 0) of <7',e be d£.

(2.5) Observations, (a) A is abelian, i.e., all maps which appear in elements of

A commute, and each d** is iterative of index zie.

(b) (jc£i,i» ... .x„jj is a subbase for Ffá?) over F.

(c) COUio.---.<>Uipo>
is a vector space basis over F(K^) for the space of all derivations on F(Ay) over

F(Kf*x) and hence these maps have field of constants F(A?'+I).

(d)    d'ztAxO = 5((.»,<M)>       r + J £ t * £ * 1 < ^ <y',. 1 <¡¡ <jk-

III. Invariant subfields and extensions of higher derivations.

(3.1) Theorem. Let L be a subfield of K containing F. Then L is invariant under

HF(K) if and only if L — F(Kp')for some nonnegative integer r.

Proof. Assume L = F(K?), and let (d¡) E H¿(K). If x G L, then

x = 2 {atbf | a, E F,bt EK,l<i< s),   dj(x) = 2 fa^CV)}.

If // U then by (2.2) dj(x) = 0 G L. If / |/, then ¿,(x) = 2 W^fMY)
E F(KP') — L. Since d¡ was arbitrary, L is invariant under H'F(K).

Conversely, assume L is invariant under H'F(K). Assume L Q F(K?) and

L <Z F(KT*1) (otherwise L = F = F(AT)) . Let x G L\F(/sr+1), and let ,4 be a

standard generating set for HF(K). In view of (2.5)c, there exists dUi G A such

that dï/jpr(x) # 0. For any a G AT, <w/u has zupr map a?d'^. Since L is

invariant under ///(AT), for any a E K, a^d^^x) E L. Thus K? Q L and thus

L = F(^).
A subfield L oî K containing F will be called Galois if K is modular over L,

i.e., L is the field of constants of a group of rank t higher derivation on K over

F. We now wish to determine which Galois intermediate fields L have the

property that every rank / higher derivation on L over F can be extended to K.

We will need the following result.

(3.2) Theorem [6, Proposition 3.3, p. 94]. Let K 2 L 2 F be fields and assume

K is modular over L of exponent e. The following conditions are equivalent.

(1) There exists an intermediate field J of K/F such that K = L ®FJ and J/F is

modular.

(2) There exists a subbase B = 77, U • • • U Bt of K over L such that Bf

Ç(K"'nF)((L(Bi+x,...,Bn)y).        f

(3.3) Lemma. Let L be a subfield of K containing F, and assume L is modular over

F and that every rank t higher derivation on L over F can be extended to K. Let

x G K such that x^ G F(L"').  Then x? G (A? D F)(L^).

Proof. If xp1 G F, the result is obvious. Hence assume x"' G F(L'r)\F(L'r+l),
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r > L Let T = {x,e | 1 < i < n, 1 < e < j¡) be a subbase for L over F, and let

A have T as dual base. Write

(•) ^=|û5tà,.)W'-«.)W
î=i

where a, G F, 0 < tsj¿ Kpj~r, and at least one ts¡¿ is not divisible by p (see

(2.5)b).
To show x** G (K¿ D F)(L^) it suffices to show each a¡ G K?. Proof is by

induction on m. If m = 1, a, G K?1. Assume the result for m — 1. By induction

it suffices to show some a, is in KP1. Since every higher derivation on L over F can

be extended to K, and K? is invariant under all higher derivations on K (2.2), any

map in any higher derivation on L over F must map x^ into K?. We will show

some as is in KP' by induction on the total exponent of (*) (i.e., 2 ts,a,ß) • If the total

exponent is 1, then m = 1 and the result follows. Since x^ e F^f^F^?*'),

in view of (2.5)c, some dlf ¿(x?) # 0. Applying d^f^ to (*) yields a nonzero

element of K? of lower total exponent with nonzero coefficients of the form

was, w G Z/(p). If d£pr(x^) £ F, then by induction some was, hence some a„ is

in K? and the result follows. If djf^x^) G F, then since

(*£i.i)'v+u • • • «,)w,    o < /,,,, < p'-'

is a vector space basis for FiL?) over F, in view of (2.5)d, d'^ixf1) = a, for

some s. Thus once again some as is in Á?' and the result is established.

(3.4) Theorem. Let L be a Galois subfield of K containing F and assume L is

modular over F. Then every rank t higher derivation on L over F extends to K if and

only if there exists afield J, K~2 J 2 F,J is modular over F and K = L®FJ.

Proof. If K = L ®FJ, then every rank t higher derivation on L over F can be

extended to K by acting trivially on J.

Assume now that every rank / higher derivation on L over F can be extended

to K. Let B = Bx U • • • U Bn be a subbase for K over L where B¡ is of exponent

/' over L. We claim Bf ç F(/_y)- Let A be a standard set of generators of HF(L)

with dual basis {x(> | 1 < / < n, 1 < e < J,}. In view of (2.5)c, F^) is the

field of constants of the set of maps S = {djffi \ 1 < i < n, 1 < e <./,,

0 < c, < min(;', /■)}. Thus it suffices to show x? is annihilated by all maps in S. If

p \ zie, since d''e can be extended to K,

d^pdixP') = 0,      0 < c, < min (/, r)

(2.2). If p | 2l>e, consider V(d>") (see §11). We claim (zif + l)pc< < í if 0 < c,

< min (/,/■) (unless r = 1, in which case the result is obvious). For if not,

(z/>t + l)p'_1 > r, hence zije + 1 > z*/p'_l and zif¡p + 1/p > t/p', a contradiction

to the definition of zie (2.4). Since p \ (zu A- 1), we see again djf^iQçf) = 0, 0

< c¡ < min (/,/•). Thus x>r G F^), and 5/ ç F(Lp'). By Lemma 3.3,
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Bf C (Kf D F)(L') C (KP' n F)((L(Br+x,...,Bn)y)-

The result now follows from (3.2).

(3.5) Corollary. Let L be a Galois subfield of K containing F. Let M be the field

of constants of all rank t higher derivations on L over F. Then every rank t higher

derivation on L over F extends to K if and only if there exists a field J, K 2 J 2 M,

J is modular over M and K = L ®MJ.

Proof. Since K is modular over L, and every rank / higher derivation on L over

F extends to K, K is modular over M. Applying (3.4) to the chain of fields

K 2 L 2 M yields the result.

(3.6) Corollary. Let L be a subfield of K containing F. Then L is invariant under

HF(K) and every rank t higher derivation on L over F extends to K if and only if

L = ForL = K.

Proof. Apply (3.1) and (3.5), (3.1) showing K is modular over L.

IV. An intermediate theory. Assume F is a normal separable extension of 77. In

classical Galois theory, the distinguished intermediate subfields D are character-

ized by being invariant under the group of automorphisms of E over 77. They

also possess the property that the Galois group of E over 77 when restricted to D

is the Galois group of D over 77.

As usual, let AT be a finite dimensional purely inseparable modular extension

of F and let L be an intermediate field such that K is modular over L. In view of

(3.1) the requirement that L be invariant under HF(K) is much too restrictive.

Considering the Dedekind independence theorem for automorphisms, (2.5)c, and

[7, Theorem 19, p. 186], a natural alternative to this condition is that there exists

a standard generating set for HF(K) which leaves L invariant. As we shall see,

this invariance condition gives rise to an interesting intermediate theory. We

observe that if L is invariant under a standard generating set for HF(K), then the

restriction of that set to L will have field of constants F, and hence L must be

modular over F. Moreover, since the higher derivations d'J in a standard for

HF(K) are iterative, d'*\L we will have first nonzero map d2 ^for some r, and will

be iterative of index zij/Pr. In this section we will characterize such intermediate

fields L.

(4.1) Definition. Let L be a Galois subfield of K containing F. Then L is

distinguished if and only if there exists a standard generating set for HF(K) which

leaves L invariant.

We will begin by examining the simplest type of modular extension. Recall

[K: F] < oo.

(4.2) Definition. Let A* be a modular extension of F. Then K is an equiexpo-

nential modular extension of F if and only if there exists a subbase {x,,... ,x„} for

AT over F such that each x, has exponent r over F for some fixed integer r.



292 J. K. DEVENEY

(4.3) Lemma. A modular extension K of F is equiexponential if and only if every

relative p-base for K over F is also a subbase for K over F.

Proof. If K is an equiexponential modular extension of F, then since a subbase

is a relative p-base of minimal total exponent, any relative p-base will be a

subbase. Conversely, assume K is not equiexponential over F and let (x,,,...,

■*»,/»} he a subbase. Then {xM - x„,A,... ,xnJn_x — xnjn,xnJn} is a relative p-base

for K over F, and is not of minimal total exponent, and hence is not a subbase

for K over F.

(4.4) Theorem. Assume K is an equiexponential modular extension of F.IfL is an

intermediate such that K is modular over L, then L is modular over F.

Proof. Let the exponent of K over F be n, and let (x,,..., x,} be a subbase for

K over L. By (2.3), there exists a set T C L such that TU {x,,..., xs } is a p-basis

for K. Since {x,,..., x,} is relatively p-independent in K over L, it is relatively p-

independent in K over F Thus {x,,..., x,} can be completed to a relative p-basis

for K over F with elements from T. Let {x,,..., x„ Yx,..., Yr) be such a relative

p-basis. Since K is equiexponential modular over F, {xx,... ,xs,Yx,... ,Yr) is also

a subbase for K over F. Let {x,,... ,x,} be of exponent n over L, and let x¡ be of

exponent e} over L, t + 1 < j < s. By a degree argument, we observe L

= F(xP?¡',..., xf", Yx,...,Yr), and since (xx,... ,xs,Yx,... ,Yr} is a subbase for

K over F, {x/£',*\..., 1J} is a subbase for L over F. Thus L is modular over F.

(4.5) Corollary. Assume K is an equiexponential modular extension of F, and L is

an intermediate field such that K is modular over L. Then there exists a subbase

{x,,... ,xn) for K over F such that [xf',... ,xE'") is a subbase for L over F for

some es,..., en.

(4.6) Example. The converse of Theorem (4.4) does not hold. Consider the

following chain of fields where F is a perfect field (char P ¥= 0), and x, y, z are

algebraically independent over P.

K = P(x,yrx + z",zp2),   L = P(x>2,.y'2,z'2),   F = P(x?i,yi',,z>2).

Elementary calculations show K is equiexponential modular over F, and L is

modular over F. However, K is not modular over L.

(4.7) Definition. Let K be a modular extension of F, and let L be a Galois

intermediate field. Then L is homogeneous with respect to K if and only if there

exists T = Tx U • • • U Tn a subbase for K over F where F(T¡) is equiexponential

modular over F, and such that L = L n F(TX) ® • • • ® L n F(Tn).

(4.8) Proposition. Let K be a modular extension of F and let L be a homogeneous

intermediate field. Then L is modular over F if and only ifL D F(T¡) is modular over

F for all i.

Proof. Assume L is modular over F, and let (L f~l F(T))* be the unique
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minimal extension of L n F(7;) which is modular over F. Since both L and F(T)

are modular over F, (L n F(T))* ÇLfl F(T), and hence (L D F(7/))* = L

n F(7/). The converse follows since a tensor product of tensor products is a

tensor product.

(4.9) Definition. Let A" be a modular extension of F, and let L be an

intermediate field. Then L is M-homogeneous if and only if there exists a subbase

T =TX U---U7; of K over F such that L=L nF(r,)®- -®L nFIT„) and F(T¡) is

modular over L n F(T) for all i.

(4.10) Example. L may be M-homogeneous for some subbases of AT over F, and

only homogeneous for others. Let F be a perfect field, and x, y, z algebraically

independent over P. In the following diagram with 7, = [zp - xp) and T2

= (x^'x + zp\ L is homogeneous but F(T,) is not modular over L D F(T2).

K = P(x,zP,yP)

( 3   \
F(F,) - P(Xp2,zP -xp,yP3)      F(T2) = P(x, yPX + z", z?2)

L - 7, n F(F2) = P(xP2,yP2, zP2)

F = P(xP2,yP3,zt>2)

However, if we set T^ = {zp} and 7^ = {x,^'}, the following diagram shows L is

M-homogeneous.

A- = F(x,,z",y)

/ \
F(r,) = P(xP2,yP3, zP) F(T2) - F(x, /», z?2)

I
L = L n F(F2) = Fix"2, jzP2, zP2)

F = P(xP2, yP3, zP2)

Conjecture. L is homogeneous if and only if L is M-homogeneous.

(4.11) Proposition. Let K be a modular extension of F, and let L be an M-

homogeneous intermediate field. Then L is also modular over F.

Proof. By assumption, F(T) is modular over L n F(T) for all i. By (4.4),

L n F(7J) is modular over F for all i, and hence L is modular over F (4.8).

(4.12) Theorem. Assume K is a modular extension of F and L is a Galois

intermediate field. Then L is distinguished if and only if L is M-homogeneous.

Proof. Assume L is distinguished and let A be a standard generating set for

H{r(K) which leaves L invariant. Let T = 7^ U • • • U Tn be a dual base for A.



294 J. K. DEVENEY

We claim L = L n F(TX) ® • • • ® L n F(Tn). Let A = /I, U • • • U A„ where

the field of constants of A¡ if F(TX) ® • • • ® F(TÎ) ® • ■ • ® F(Tn). Let A,

= {d'A,.. .,diJ'} and let d'-' \ L have first nonzero map ris. Let ,4" = {d'c's | 1 < s

< j¡,0 < c < /;,}. Then the field of constants of A¡ is of the form F(1¡) ® • ■ •

® Hi, ® • • • ® FÎT,). Since L is the field of constants of UA~¡,

L = D{F(7,) ® • • • ® H¡ ® • • • ® F(Tn) | 1 < i < n} = #, ® • • • ® Hn.

Thus L is homogeneous and since A¡\F^ has /^ as field of constants, L is M-

homogeneous.

Conversely, assume L is M-homogeneous and let L = Lx ® • • • ® Ln. Then

since F(T) is modular over L„ and F(T¡) is equiexponential modular over F, in

view of Corollary (4.3), there exists T'¡ = (x,,,... ,xW/} such that {xzf,"7... .x,^'}

(possibly renumbering) is a subbase for L, over F. Thus if we let A be the

standard generating set for HF(K) with T'¡ as dual basis, elementary calculations

show L is invariant under A.

(4.13) Corollary. Assume Kisa modular extension ofF, and L is a Galois subfield.

The following are equivalent.

(1) L is distinguished.

(2) L is M-homogeneous.

(3) There exists a subbase (x,,... ,x„} for K over F such that [xP",... ,x%'"} is a

subbase for L over F for some ex, ..., e„.

We have seen (4.11) that the class of distinguished intermediate fields is

contained in{L\ K is modular over L and L is modular over F}. We close with

an example to show this containment may be proper.

Let F be a perfect field (char P ¥= 0) and let x, y be algebraically independent

over P. Consider the following chain of fields.

K=P(x,y),   L = P(x-yP1,x"),   F = P(x",yPt).

Elementary calculations show all extensions are modular. Since K is generated

over L by a single element y, if L is homogeneous, then K = L ®f L' for some

L'. But since L is of exponent 2 over F, this is impossible. Thus L is not

homogeneous, and hence not distinguished.
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